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Inverse Aeroacoustic Problem for a Rectangular Wing

Trevor H. Wood* and Sheryl M. Grace®
Boston University, Boston, Massachusetts 02215

An investigation is made of the feasibility of aeroacoustic inversion, where the pressure on a thin, flat, rigid
rectangular wing undergoing rigid oscillations or interacting with unsteady, subsonic flow is to be predicted
from the far-field acoustic signal. This problem is ill-posed because small pressure fluctuations in the far field
are larger in the near field by a factor equal to the reciprocal of the distance from the wing. In the inverse
model, this ill-posedness manifests itself in the kernel of a two-dimensional Fredholm integral equation of the
first kind. Discretization of this integral equation using a physically meaningful collocation series results in an ill-
conditioned system of equations which is solved using the singular value decomposition (SVD). The SVD generally
requires regularization techniques to discard redundant or unphysical information. An algorithm is developed
for optimally determining the near-field pressure without relying on a user-specified regularization parameter.
Tests using numerically generated input data show the inversion is feasible and accurate for accurate input data.
The inversion remains feasible when errors are introduced in the far-field measurements and the measurable

parameters of the flow.

Nomenclature

A = kernel matrix

a = complex amplitude of gust

B,,,b = coefficients of the collocation series

b = dimensionless half-span length in Prandtl-Glauert
space

c = chord length

Co = ambient speed of sound

f = pseudoinverse coefficients

G(x) = Green’s function, exp(—i K |x|)/ |x]|

J, = Bessel function, order n, of the first kind

K, = Helmholtz wave number, Mk, / 32

ki = reduced frequency or Strouhal number, cw/2U,

ks = spanwise wave number component

L, N =truncationindices for collocation series

M = freestream Mach number, U,/ ¢

P(%) =complex pressure in Prandtl-Glauert space with
exp(i M K %) transformation

)/ = vector of far-field measurements

r = rank of kernel matrix

7 = unit vector

S = diagonal matrix of nonzero singular values

S(ky) = Sears function

t = time scaled by ¢/2U,

= freestream fluid velocity

= left singular vectors, matrix
= right singular vectors, matrix
= space scaled by ¢/2

= Prandtl-Glauert coordinates
= Prandtl-Glauert parameter

= acoustic cutoff parameter

= pressure jump across wing

= transformed streamwise coordinate, cos™'(— ;)
= declination angle

= ambient fluid density

= matrix of singular values

= singular values

= regularization parameter
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¢ = transformed spanwise coordinate, cos™' (—J5/b)
@ = azimuthal angle

10} = frequency of unsteady disturbance

Subscript

E = last element of vector

Superscripts

H = conjugate transpose of matrix
+ = pseudoinverseof matrix

Introduction

NTEREST in inverse problems has grown in recent years with

the hope of increasing technological productivity by providing
new and accurate methods for noninvasive sensing and design opti-
mization. To determine the cause of aphenomenonusing knowledge
of a measured or desired effect is the goal of an inverse problem.
In acoustics, for instance, the cause may be a vibrating body, and
the effect is the acoustic radiation emanating into the surrounding
medium. In the fields of aeroacoustics and hydroacoustics, inverse
techniquesmay be used for many applicationsincludingthe noisere-
duction of airframe components, nondestructivetesting of turboma-
chinery, source detection, structural silencing, advanced propeller
design, etc.

Two populartechniques for inverse acoustical analysis are acous-
tic holography' =3 and phased arrays.*~® Researchers currently use
acoustic holography as a tool for cabin and ship hull design because
of its ability to quantify the structural-acoustic coupling between
the fluid loaded structures and adjacent interior spaces.? Acoustic
holographydeterminesthe velocityand pressurefieldson the surface
of a vibrating body from measurements of the acoustic pressure in
the surrounding medium. The technique, however, relies on acous-
tic radiation into a quiescent field, which is a limiting feature from
the aeroacoustic perspective. Phased arrays, on the other hand, are
usually used when either the field is in motion*~7 or the sources of
sound are in motion.®- These techniques employ multiple micro-
phones to measure the sound emanating from a chosen location and
frequency. A greater number of microphones leads to greater res-
olution, at the expense of higher testing/setup costs. Phased arrays
work well as a general inverse measurement technique when little
is known about the source distribution being imaged. The inverse
aeroacoustictechniquesdevelopedin this research, however, are for
application to a particular problem of interest to the aeroacoustics
and hydroacousticscommunity for which knowledge of the possible
source distributions exists. By taking this knowledge into account,
inverse solutions may be obtained in a more efficient manner.
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The inverse aeroacoustic problem involves the determination of
the surface pressure of a radiating body from acoustic data in the
surrounding fluid. The eventual long-term goal that prompted this
researchis to be able to measure the unsteady surface pressure loads
on a rotating turbine/propeller blade noninvasively. This will only
be realized through the systematic developmentof inverse solutions
to simpler problems, as had been done for the direct problem.

The objectiveof the directaeroacousticproblemis to calculatethe
far-field sound using the known surface forces producedby unsteady
motion or flow disturbances. Historically, the first of such problems
consideredin aeroacousticsinvolveda thin, flatairfoil. The unsteady
surface pressure distribution for the flat airfoil was known for both
airfoil motion!® ! and mean flow inhomogeneitiesincluding vorti-
cal inflow!?" % and was used to calculate the far-field acoustics.” !
These classical results have since been extended to include the ef-
fects of transonic flow, airfoil geometry, three-dimensional effects,
multiple lifting surfaces, rotating reference frame, etc.

The inverse aeroacoustic problem has been developed thus far in
the same manner as the direct problem. The first inverse problem
consideredthe simplerigid, flat airfoil?*- 2! ; recently,an extensionfor
a flat wing was initiated 22- 23 It has been shown that, mathematically,
the inverse problem is ill-posed because of possible nonuniqueness
and because the solution is inherently unstable to errors in the input
data. In Ref. 22, a plausible method for performing the inversion
was presented; however, it was not robust even for very accurate
inputdata from the acoustic field. The technique was refined to filter
optimally the error using a systematic and robust approach, which
is necessary to allow for a practical implementation of the method.
Preliminary results using the modified method were presented in
Ref. 23. This paper completes the study by fully describing the
method and presenting the results from the sensitivity analysis.

The inverse technique for the three-dimensional flat wing is for-
mulated using a linearized analysis that relates the far-field and
near-field pressures through an integral equation. This relation is
general for an ideal, laminar fluid flow regardless of what generated
the surface pressuredistributionaerodynamically,for example, gust
interaction, incident acoustics, or airfoil oscillations. The integral
equation is written into matrix form using the collocation method,
where the choice of the collocationseries allows for the inclusion of
the known physics of the problem. Because the inverse problem is
ill-posed, the resulting system of equations is ill-conditioned. The
matrix equation is solved using the singular value decomposition
(SVD) with regularization to remove the contribution of errors in
the computationand the acoustic measurements. The regularization
is achieved using a newly developed technique that yields good re-
sults for subcritical Mach numbers and reduced frequencies up to
and including 0.8 and 7.0, respectively. The effect of measurement
errors on the accuracy of the inverse solutions is also investigated,
and the robustness of the method is shown.

Mathematical Formulation
In Refs. 21 and 22, it was shown that the response of a thin, flat,
rigid wing to a weak unsteady vortical gust in a subsonic, high-
Reynolds-number flow (Fig. 1) is characterized by a Helmholtz

Inverse Problem radiated sound

Direct Problem

oblique gust

Fig. 1 Aeroacoustic considerations of a flat plate, rigid, rectangular
wing in unsteady flow.

equation for a modified pressure (in Prandtl-Glauert and Reissner
space). The same governing equationmay be written for an acoustic
disturbance interacting with the wing and for rigid oscillations of
the wing in steady flow. The solution may be written in integral form
as [Eq. (9) in Ref. 22]

bl2 1 S s
] Ap(y 285D

PE = _EI » 2%,

dy dys (D)

72=0

—-b/2

where AP(y) = P(51,0%, 53) — P(51, 07, 33). All spatialvariables
are scaled with the half-chord length and the unsteady pressure is
related to P(X) by

p'(%.1) = pola:|Up Re {%/ P(, w)e! MK da)} 2

In the direct aeroacoustic problem, the far-field pressure is cal-
culated using Eq. (1) when the unsteady pressure on the wing is
known. In the inverse problem, Eq. (1) must be solved for the sur-
face pressure in terms of the far-field pressure P (¥). Equation (1) is
then a Fredholm integral equation of the first kind, requiring both
the magnitude and relative phase of the far-field pressure to be mea-
sured/known. The integral equation is solved using the collocation
method to obtaina matrix equationthatis subsequentlysolved using
algebraic techniques.

Matrix Representation of Integral Equation

The unsteady surface pressure jump A P is expressed as a linear
combination of basis functions with unknown coefficients to be
calculated. The basis functions are chosen in accord with common
modelsinaerodynamics.A modified Fouriersineseriesis usedin the
streamwise direction;the sine series ensures that the Kutta condition
is satisfied, and an additional term is added to the series to model
the leading-edge suction. For the case of a vortical disturbance, the
predominant chordwise behavior of the unsteady surface pressure
jump that captures the leading edge suction is the Sears solution'?:

AP =2\/(y1 = D/ + DS(ky) =2icot(6/2)S(ky)  (3)

where 0 = cos™!(—5,). For an oscillating wing and for an acous-
tic disturbance, the spatial variation of the predominant behavior
is identical, but the frequency-dependert weighting functionis dif-
ferent. Any differences in the weighting function can be absorbed
by the unknown coefficient in the series, and thus, only the spatial
variation is used in the series. Therefore, the representationof A P
in the streamwise direction becomes

0 d _
AP = Cy(5s, kl)cot(i) + > Ci(53, k) sinl0)  (4)

=1

The coefficients C; are functions of the spanwise coordinate and
account for variations arising from finite aspect ratio and oblique
gust effects. Because the mean flow is not impinging on the sharp
side edges of the wing, there are no singular suction peaks at the
wing tips. For steady loading, downwash due to the finite aspect
ratio effectively causes the maximum pressure jump to occur at the
centerspan. This finite span model is adapted for unsteady loading
using the following sinusoidal basis for the spanwise distribution:

Ci(§5. k) = D, Bj,(k))sin(ng) (5

n=1

where ¥; = — b cos ¢. In Ref. 22, Eq. (4) was used with a complex
exponential form for Eq. (5); the results of the present work show
Eq. (5) to be a more suitable form.

The total unsteady surface pressure will be approximatedby trun-
catingthe seriesin Eqs. (4) and (5) after L and N terms, respectively.
One canthensubstituteEgs. (4) and (5) into Eq. (1), integrateterm by
term, and evaluate the resulting expressionin the far field (¥ > 1) to
obtain the following expression for the transformed far-field acous-
tic pressure:
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(6)

The (L + 1) N unknowns B, are determined using (L + 1)N or
more equations formed by applying Eq. (6) at points¥ in the far field
surroundingthe wing. The unknown coefficients are thusdetermined
by solving the matrix system

p = Ab (7

where b is a vector containingthe unknown coefficients B, and A is
the transfer matrix. Each row of the matrix equation (7) represents
Eq. (6) at a particular location in the far field where the acoustic
pressure is known.

Solution of the Matrix Equation

In practice, the number of far-field measurements will generally
exceed the number necessary to perform the inversion. This pro-
duces an overdeterminedsystem of equationsthatis typically solved
by considering A”p = AT Ab. However, as mentioned earlier, the
matrix A is ill-conditioned, and a more sophisticated technique is
required to obtain a solution when measurement and computational
errors are present. The solution is obtained effectively by using the
SVD method, which is briefly described here (see Ref. 24 for more
details).

Fora givencomplex-valuedmatrix A € C" *", wherer is the rank
of Aandm =>n >r, two unitary matricesU € C" *™ and V € C" *"
exist such that

A=UsVH (8)
where
= 50 S =di > > 0
=1lo ol = diag(oy, ..., o), o =" =0 >
9

The SVD method defines the pseudoinverseof A such that the least-
squares solution to Eq. (7) is given by

-1

0
x=VEU"p) = Vf, where  T* =[0 0] (10)

The elements of f =% *U#p will hereafter be referred to as the
pseudoinverse coefficients. The SVD may be obtained numerically
using standard algebraic routines, for example, LAPACK, IMSL,
etc.

Application of the SVD and Regularization Techniques

The surface pressure is modeled using the collocation series
[Egs. (4) and (5)], which, from Fourier analysis, converges analyti-
cally. Thus, the series may be truncated after n terms to describe the
solutionwithinan acceptablelevel of accuracy.To have a completely
determinedsystem of equationsfor Eq. (7), m far-field measurement
points must be chosen where m >n. Because of the series conver-
gence, the last n — r terms remaining in the truncated series may
contributerelatively little to the solution compared to the preceding
terms. The corresponding singular values, for example, o,, &,-;,
etc., will be close to zero (relative to ;). The effect of numerical
errors on the SVD causes these smaller contributions to be very
poorly inverted. Therefore, the last n — r singular values should be
removed by defining them to be numerically zero, which is shown
by the lower right submatrix in Eq. (9). The set of solutions defined
by these (o, +1, ..., ;) singular values will be referred to as the
effectivenullspace of A. The least-squaressolutionis then given by
Eq. (10). Hereafter r will be referred to as the numerical rank of A.

For an ill-conditioned matrix, the numerical rank may not be
clearly defined, and it may be difficult to determine which singu-
lar values are to be kept in the inversion and which are are to be
discarded. Techniques that make this decision are termed regular-
ization techniques. The simplest and most common method is the
truncated SVD (TSVD), where a regularization parameter 7 is de-
fined such that all singular values falling below 7 are set to zero.
Here = may be interpreted as the threshold for numerical zero and
depends on both the numerical and measurement error in the prob-
lem. Another regularizationtechnique commonly used is Tikhonov
regularization?® where S* =diag[ci/ (67 + 7);i =1,...,r] te-
places S™! in Eq. (10). This causes the singular values below the
thresholdparameterto be smoothly damped as opposedto the abrupt
cutoff of the truncation scheme. However, neither the Tikhonov
nor the simple truncation regularization methods work well for the
presentproblembecause variationsin the physical parameters (flow
speed, frequency, etc.) produce significant variations in the value
of the cutoff 7 required for accurate reconstruction of the surface
pressure (see Fig. 3 in Ref. 23).

Diagnosing an Optimal Reconstruction

The solution of the matrix equation (7) for the coefficients b
depends on the physical flow parameters k;, M, and k3, and the
measured far-field pressure. Because the inverse problem defined
by Eq. (6) is ill-conditioned, the solution for B, becomes increas-
ingly inaccurate for higher/ and 7 in the presence of numerical and
measurementerrors. There exists, however, an optimal choice of the
truncation indices L and N such that the solution converges as the
number of terms used in the series for A P increaseup to (L + 1) N,
and the solution diverges as the number of terms increase beyond.
The resulting solution for the surface pressure using the optimal
series length given by the set {L, N} will be referred to as the semi-
converged solution. The ability to determine the optimal numerical
basis for a given set of far-field pressure measurements and flow
parameters will determine the quality of the surface pressure re-
construction. When the optimal set of truncation indices is used, a
regularized system is obtained, and the inverse may be calculated
without spectral truncation or regularization.

The terms in the collocation series for A P are ordered (approx-
imately) by their relative importance; hence, the pressure distribu-
tion is determined predominantly by the first few terms of the series.
Thus, one may start with an overtruncated system using, for exam-
ple, the first two terms in each series, which is normally insufficient
to describe accurately the unsteady surface pressure distribution.
The next higher term may then be iteratively included until diver-
gence occurs, indicating that the numerical rank has been deter-
mined and the singular values that are numerically zero have been
identified.

Consideration of the pseudoinverse coefficients, f =% ~'U%p,
provides a more transparent indication of an ignorable contribution
when compared to the traditionalregularizationtechniques.Because
the columns {v;} of V form an orthonormal basis for the solution
vector b, the magnitude of f; determines the relative contributionof
the ith vector to the optimal solution. Singular values that are ex-
actly zero correspondto a coefficient thatis infinite; a singular value
o; will be numerically zero only when it is small comparedto u; -p
such that f; attains unphysically high magnitudes. Note that u; - p
could be as small as o; such thatu; -p/o; is finite, which indicates
a necessary contribution of the ith term to the inverse solution. As
compared to the currently used regularizationtechniques, use of the
pseudoinversecoefficients to truncate the collocationseries permits
a clearer and more precise determination of the numerical rank of
the matrix at no extra computational expense. The advantages are
clearbecausetraditionalregularizationmethods assume the singular
values are a measure of the relative contributionsof each term, irre-
spective of the interaction with the far-field measurements. Hence,
two singular values (from two independent SVDs) of equal mag-
nitude can represent radically different contributions to the inverse
solution, namely, a physical and a nullspace contribution. How-
ever, the proposed method can distinguish these two extremes be-
cause the corresponding pseudoinverse coefficients would be quite
different.
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Statement of Algorithm

An algorithm for automatic calculation of the optimal solution to
the inverse problem may now be formulated explicitly. One begins
with an overtruncated series [i.e., L and N in Eq. (6) sufficiently
small] and performs the SVD to calculate the coefficients f. Be-
cause the unknown surface pressure is overapproximated, that is,
the truncation error of the collocation series is high, the last coef-
ficient will be relatively large, and thus, it represents an essential
contribution. The value of L or N is then increased in steps until
an adequate approximation to the solution is achieved, which oc-
curs when the last pseudoinverse coefficient, fz [E =(L + 1)N],
is a small fraction of the first (fundamental) coefficient f; and less
than the previous coefficient fz_;. Once this first approximation
is achieved, the truncation error of the series in Eqs. (4) and (5)
may be reduced by increasing the truncation indices L and N until
the effect of ill-conditioning causes the series to appear to diverge.
Hence, the optimal solutionis obtained from the first approximation
by increasing L by 1 and applying the test

(fe < af1), (fe < fe-) 11

where a < 1 and should be typically around 10%. The value of L
is then repeatedly increased while the conditionin Eq. (11) is satis-
fied. When the condition fails, N is increased by 1 and the preceding
steps are repeated until a state is found where Eq. (11) is true for
{L, N} yet fails for both {L + 1, N} and {L, N + 1}. The optimal
reconstruction of the unsteady, nondimensional, transformed sur-
face pressureis then determined by forming the matrix equation (7)
using the optimal set (L, N), solving for the unknown coefficients
using

b=A"p=Vf (12)

and substitutingthe coefficients into the series representationof A P
given by Egs. (4) and (5).

In certain instances, the second condition in Eq. (11) must be
amended to consider coefficients preceding fz - ;. When the inci-
dent gust s parallelto the leading edge (k3 = 0), the surface pressure
distributionis symmetric about the centerspan of the wing. As a re-
sult, all of the even terms in Eq. (5) will not contributeand will yield
pseudoinversecoefficients thatare zero. In this case, the comparison
to fr < fr_» may be made instead of that givenin Eq. (11), or the
even terms in Eq. (5) may be removed before performing the SVD.

Note on Far-Field Data

To test the commonly used regularization methods, numerically
generated far-field data for a vortical gust interacting with the wing
[using the directintegrationof Eq. (1)] were used.!® The streamwise
variationof the surface pressure was taken to be Possio’s solution for
an airfoil in a two-dimensional, compressible fluid interacting with
an oblique gust.!! Prandtl’s lifting-line theory was then employed
as a simple test model of the spanwise variation of the surface pres-
sure for finite aspectratio effects.?® A sinusoidal variation given by
exp(iks;X;), where kj is the spanwise wave number component, is
thenimposed. The far-field measurements were sampled on a spher-
ical surface centered on the center of the wing. By sampling at equal
increments of 9 (measured from the x; axis) and ¢ (measured from
the x; axis, see Fig. 2) the set of numerically generated far-field
measurements:

Py ={r, 9%, @) :c=1,...,C;d =1,..., D} (13)

is obtained, where CD >(L + 1)N in order for the system to be
completely determined. For flow parameters of interest, no more
than about 40 measurements need be taken to satisfy this require-
ment. In the majority of cases, however, more data will be taken
than required. These extra data are useful when measurement error
is present because the solution method just described performs a
least-squaresfit. For all of the results presented in this paper, C =5
and D =41 were chosen (arbitrarily) for the measurement set in
Eq. (13). Note that no optimization of the measurement locations
was performed in this research; however, changes in the measure-
ment locations can increase the accuracy of the inverse solution by
reducing the level of ill-conditioningin the matrix A (Ref. 27).

X2

X3

Fig. 2 Definition of spherical coordinate system used in the far field.
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Fig. 3 Pseudoinverse coefficient magnitudes |f;| for y =0.2 (k; =3,
M =0.3) normalized by | f|: a) overtruncated series, b) optimally trun-
cated series, ¢) appearance of nullspace because of inclusion of nonin-
vertible spanwise contribution, and d) appearance of nullspace because
of inclusion of noninvertible streamwise contribution.

Results

As already mentioned, the pseudoinverse coefficients provide a
more effective means of determining the numerical rank of an ill-
conditionedmatrix. InFig. 3, the magnitudesof f; are shownrelative
to that of f] for four different truncated series for an obliquely inci-
dent gust in low Mach number flow. Series b is the semiconverged
solution, which yields a good reconstructionusing all of the singu-
lar values (Fig. 3b). Series ¢ and d (Figs. 3¢ and 3d) are obtained
by adding the (L + 1)th and (N + 1)th terms, respectively, to se-
ries b. In these cases, f becomes very large and, thus, indicates that
the corresponding singular value is numerically zero. Hence, the
corresponding singular vector may be treated as a nullspace contri-
bution, and the numerical rank of the matrix is the number of terms
in series b. Figure 3a shows the result for the case when the approx-
imation series is highly overtruncated. Here the basis is deficient in
spanning the solution, and the computationreacts by overweighting
the last few singular vectors. In this situation, the number of terms
in the series must be increased to render an adequately approxi-
mated solution; that is, this pattern should not be confused with
the appearance of a nullspace. Through consideration of the pseu-
doinversecoefficients, the inverse solution is amenable to automatic
calculationby using a patternrecognitioncomputer scheme. Typical
comparisons between surface pressure reconstructions made using
the present technique and the standard TSVD (see Fig. 5 of Ref. 23)
demonstrate the effectiveness of the new regularization technique.
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and - - - -, inverse solution.

Inverse Solutions

The proposed solution algorithm has been used to calculate the
inversesolutionsfora variety of cases. Reduced frequenciesranging
from 1 to 7 and Mach numbers from 0.1 to 0.8 are considered for
oblique gusts (k3 # 0) constitutingup to 80% cutoff[y =0.8, where
y isdefined such that /(K7 — k3/B%) =(1—y)K,]; note thatcutoff
refers to cases where k3 is high enough to yield acoustic cutoff
for the two-dimensional (infinite aspect ratio) case.?! Only wings
with an aspect ratio equal to 6 were used, and all of the far-field
measurements were made on a hemisphere with a radius of 100
half-chord lengths centered on the wing. Figure 4 presents results
for parallel gusts (k3 =0). Excellentreconstructionsof the unsteady
surface pressure are obtained for relatively low Mach numbers and
low frequencies (K; < 2). As the disturbance frequency k; and/or
the Mach number increase, a decrease in the accuracy of the inverse
solutionsis observed. Figure 5 presents a result for varying k5. The
spanwise variations are shown in the real and imaginary parts of the
surface pressure jump, whereas the magnitude of A P is equivalent
to the parallel gust case due to the exp(ik;X;) variation.

A quantitative measure of the relative errors between the inverse
solutions and the input models was calculated for several cases, and
the results are summarized in Table 1. The error is calculated using

€= z l‘[Pcalculach (xi) - pmodcl(xi)]2
z l‘[pmodcl(xi)]2

(14)

where p is either the surface pressure jump (near field) or the acous-
tic pressure at the measurement surface (far field) and x; is the
corresponding spatial coordinate of the ith point. The calculated
far-field pressure is obtained by performing the direct integrationof
the inverse solution. One can see from Table 1 a general trend of
increased error with increased K. The error in the reconstruction
of M =0.1(k; =0) is approximately 0.06%. An increase in K; by
a factor of 3.26 (M =0.3) yields about a 0.1% increase in the re-
constructionerror; a factor of 9.28 increasein K; (M =0.6) results
in an error that is 1% greater. Note that, in some cases, the error is
reduced forincreased k; while K| remains fixed; y =0.5 and 0.8 for

Table1 Error of reconstructions relative to input models

Near-field ~ Repropagated
ki Mach K, y k3 error far-field error
3.0 0.1 0.3030 0.0 0.0000 6.45E-04 3.16E-10
3.0 0.1 03030 0.2 0.1809 2.74E-03 3.40E-10
3.0 0.1 03030 0.5 0.2611 5.83E-04 5.11E-11
3.0 0.1 03030 0.8 0.2954 6.07E-04 2.03E-12
3.0 0.3 09890 0.0 0.0000 1.71E-03 2.85E-12
3.0 0.3 09890 0.2 0.5661 4.69E-03 5.52E-11
3.0 0.3 09890 0.5 0.8171 1.94E-03 2.04E-11
3.0 0.3 09890 0.8 0.9244 4.38E-03 2.15E-11
5.0 0.3 1.6484 0.0 0.0000 3.93E-03 1.23E-09
7.0 0.3 23077 0.0 0.0000 6.22E-03 9.45E-08
3.0 0.6 2.8125 0.0 0.0000 1.15E-02 2.99E-04
3.0 0.6 28125 0.2 1.3500 3.52E-01 6.10E—-04
3.0 0.6 2.8125 0.5 1.9486 1.87E-01 1.61E-05
3.0 0.6 2.8125 0.8 2.2045 7.64E-02 1.10E-09
5.0 0.6 4.6875 0.0 0.0000 1.62E-02 3.31E-04
7.0 0.6 6.5625 0.0 0.0000 3.62E-02 2.13E-04
3.0 0.8 6.6667 0.0 0.0000 4.52E-02 5.23E-04
5.0 0.8 11.1111 0.0  0.0000 6.40E-02 1.52E-04
7.0 0.8 15.5556 0.0 0.0000 9.17E-02 9.67E-05
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Fig. 5 Inverse solutions for an oblique gust (k; =3, M =0.3): —,
exact model, and - - - -, inverse solution.

K, =0.303 resultin a 0.006 and 0.004% reduction in error, respec-
tively (relative to y =0). This reduces the number of streamwise
terms required in the approximation series and, thus, increases the
accuracy of the inverse solutionif the number of spanwise terms re-
mains relatively low. However, as the spanwise variation increases
(as seen for K| =0.989 and 2.81), more terms in the spanwise col-
location series will be required, and the reconstruction error will
increase because of ill-conditioning.

Effect of Input Error
The resultsof the preceding sectionsused six-digitaccuracyin the
input data. By reducing the number of significant figures retained
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in the input data, a biased random error is simulated. The result-
ing pressure distribution for M =0.6 and k; =3.0 using only one
significant figure is shown in Figs. 6 and 7. The inverse solution is
such that the repropagated far field will fit to a smoothed input dis-
tribution because the highly varying contributions associated with
random noise are noninvertible due to the ill-conditioning and are
not computed in the inverse solution.

The effect of adding uniform random noise (zero mean, constant
probability density on the interval [x(1 — €), x(1 + €)], where € is
the maximum error) to both the magnitude and phase of the input
data is summarized in Table 2. The general trend is an increase
in reconstructionerror with increased input error. An increase from
1 to 10% in the maximumerrorleadsto anincrease of reconstruction

Table2 Effect of input error® (k; =3.0)

Input Reconstruction Repropagated
Mach error, % error far-field error
0.1 0.01 0.001 1.15E-07
0.1 0.10 0.004 3.07E-05
0.1 1.00 0.014 1.40E-03
0.1 5.00 0.015 3.32E-02
0.1 10.00 0.020 1.24E-01
0.1 25.00 0.174 5.86E-01
0.6 0.01 0.011 2.99E-04
0.6 0.10 0.012 3.11E-04
0.6 1.00 0.042 1.43E-03
0.6 5.00 0.058 3.40E-02
0.6 10.00 0.077 9.07E-02
0.6 25.00 0.204 5.36E-01

error by 0.5% for the M =0.1 case. For M =0.6 with 25% input
error, the collocation series must be truncated to three streamwise
terms and one spanwise term [as determined by the pseudoinverse
coefficient test; Eq. (11)] to obtain the optimal surface pressure
reconstruction. Eventually as the input error increases, no truncated
collocationseries will resultin an optimal reconstructionas defined
using the pseudoinversecoefficients.

The inverse solution also requires the mean flow Mach number
and the frequency of the disturbance as input to the calculation. All
of the precedingresultshave been calculatedusing double-precision
accuracy for both of these quantities. In Tables 3 and 4, the errors
in the reconstructions are given for varying fractional error in k;
and M, respectively. Errors in either k; or M affect the Helmholtz
parameter, K, =k M/pB?, primarily. Hence, both quantities have
similar sensitivities to error, with the reconstructionsbeing slightly
more sensitive to the Mach number because of the exp(—iM K %)
term that appears in Eq. (2). Inverse solutions for the unsteady near-
field pressure can be obtained for errors in K, up to approximately
10%, for highly accurate far-field data. For high error in k; or M,
the phase of the reconstructed field becomes much more inaccu-
rate than the magnitude, as shown in Fig. 8. This occurs when the
collocationseries is truncated to only one termin the streamwise ex-
pansion. The resultingerror in the magnitude of the surface pressure

Table 3 Effect of k; error for the case ky =3,

3Input error represents the maximum error (uniform noise distribu-
tion) added to both the magnitude and phase (independently) of the
input measurements.

Re(AP) Im(AP)

Span, y3

-05 0 05
Chord, y1

Fig. 6 Inverse solution for k; =3, M =0.6, and k3 = 0; input data used
are accurate to one significant figure: ——, exact model, and - - - -, in-
verse solution.
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Fig.7 Streamwise cross-sectional views for k1 =3, M =0.6, and k3 =0, using one digit accuracy in the input data:

solution; and - - -+ far-field data with error.

M=0.1,y=0
Error Reconstruction Repropagated
in k; error far-field error
0.0001 5.93305E-04 2.13175E-10
0.0010 1.30267E-03 1.17699E-09
0.0100 1.31486E—01 2.66123E—-07
0.0500 6.81150E—-01 1.83228E—-05
0.1000 7.75194E—-01 1.55639E—-02

Table 4 Effect of M error for the case ky =3,

M=0.1,y=0
Error Reconstruction Repropagated
in M error far-field error
0.0001 4.47322E-04 2.05566E—-10
0.0010 1.83439E-03 5.04308E—-09
0.0100 2.51849E-01 1.36329E-06
0.0500 2.88402E—-01 1.82842E—-04
0.1000 6.99769E—-01 7.07353E—-02
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Fig. 8 Streamwise cross-sectional views for k; =3, M =0.1, and y = 0, using 0.977 % error in M, such that the error in K; is 1%:

and - - - -, inverse solution.

reconstruction for a 10% deviationin k; is 2.5% (cf., total error, in
magnitude and phase, of 78% in Table 3).

Conclusions

This research demonstrates the feasibility of the three-dimen-
sional aeroacoustic inverse problem for a flat-plate, rectangular
wing in weakly unsteady, inviscid, subsonic flow and develops the
techniques required to allow for a practical implementation of the
method. The method forreconstructionof the unsteady surface pres-
sure has been validated using obliquely incident vortical gusts of
moderate frequencies in subsonic flow (K| up to approximately
10). Approximately 25% error in the input data or 10% error in the
input flow parameters can be accommodated with adequate results.
Although the reconstructions are more sensitive to errors in the in-
put parameters than in the field data, the magnitude of the surface
pressure is reconstructed very accurately (errors below 2.5%) for
deviations in K; up to 10%; however, errors in the phase of the
reconstructedunsteady surface become very high for K; deviations
greater than approximately 5%.

The three-dimensional inverse aeroacoustic problem hinges on
the solution to an ill-conditioned matrix equation arising due to the
ill-posednessof the problem. Existing regularizationtechniques for
solving the ill-conditioned systems of equations were not effective
because of their need for an a prioriregularizationparameter, which
was shown to vary dramatically with the flow parameters. There-
fore, a new regularization method for use with the SVD has been
developed. The current method uses the coefficient vector of the
pseudoinverse solution instead of the singular values to calculate
the solution through regularization. This gives an added ease and
adaptabilityin using the inversionmethod for practical applications.

The feasibility of the inverse aeroacoustic problem as shown in
this research is dependent on the assumption of uniform mean flow.
The method may have to be amended to account for a nonuniform
mean flow (i.e., real wing geometries) and freestream turbulence
(which has a significant noise contributionat near sonic Mach num-
bers). This must be the focus of future research.
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